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1 Introduction 

Let U q (g) be a quantum affine algebra of type Xn {X = A,B,C,D), and let U q {b) be its 
Borel subalgebra. In this paper we shall consider the problem of finding polynomial relations 
satisfied by the g-characters of the fundamental modules in the sense of [20] and related modules. 
This problem is intimately related with that of functional equations for Baxter's Q-operators in 
quantum integrable models. In order to motivate the present study let us review this connection. 

In quantum integrable systems, one is interested in the spectra of a commutative family of 
transfer matrices. The latter are constructed from the universal R matrix of a quantum affine 
algebra, by taking the trace of the first component over some finite-dimensional representation 
called 'auxiliary space'. When the auxiliary spaces are the Kirillov-Reshetikhin (KR) modules, 
the corresponding transfer matrices satisfy an important family of polynomial identities known 
as the T-system [24, 26]. (For a recent survey on this topic, see [25].) Subsequently the T- 
system has been formulated and proved [19, 28] as identities of g-characters. It has been shown 
further [21] that the T-system is actually the defining relations of the Grothendieck ring, which 
is a polynomial ring [17], of finite-dimensional modules of quantum affine algebras. Notice 
that, from the construction by trace, the g-characters and the transfer matrices are both ring 
homomorphisms defined on the Grothendieck ring. Since the ^-characters are injective [16, 17], 
identities for g-characters imply the same identities for transfer matrices. 

Baxter's Q-operators were first introduced in the study of the 8- vertex model [1] . Since then 
they have been recognized as a key tool in classical and quantum integrable systems, and there 
is now a vast literature on this subject. In the seminal paper [4], Bazhanov, Lukyanov and 
Zamolodchikov revealed that the Q-operators can also be obtained from the universal R matrix, 
provided the auxiliary space is chosen to be a (generically infinite-dimensional) representation 
of the Borel subalgebra. The work [4] for U q (s\2) has been extended by several authors [2, 3, 5, 
23, 29] to higher rank and supersymmetric cases. 

In view of the results mentioned above, it is natural to ask whether one can find polynomial 
relations, analogous to the T-system, for the ^-characters of U q (b) (see definitions in [20]) (and 
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hence for the Q-operators as well). The goal of this paper is to propose candidates of such 
identities. 

Our idea is to use the so-called ODE/IM correspondence which relates the eigenvalues of 
Q-operators and certain ordinary linear differential equations. The reader is referred e.g. to 
the review [12] on this topic. In [11], the correspondence is discussed for general non-twisted 
affine Lie algebras using scalar (pseudo-)differential operators. In this paper we reformulate 
their results in terms of first-order systems. The general setting (to be explained in Section 3) 
is as follows. 

Let L g denote the Langlands dual Lie algebra of g. Consider the following L g-valued first- 
order linear differential operator 

£=/-^+y> + (^ V -£)e . (1.1) 

ax x ' 

i=l 

Here eo, ■ • ■ , e n are the Chevalley generators of l q, I is a generic element of the Cartan subalgebra 
L \) C L Q, /i v is the dual Coxeter number of g, and M > 0, E £ C are parameters. For each 
fundamental representation of L g, there is a basis {xf\x, E)} of I/( a )-valued solutions to 
the equation C\ = characterized by the behavior 



X { j\x,E) = u { j a) x x j\l + 0(x)), x^O, 



where Xj , Uj are the eigenvalues of I and the corresponding eigenvectors. Hence this basis is 
labeled by weight vectors of V^ a \ There is also a canonical solution tf)( a \x,E) which has the 
fastest decay at x — > +oo. Due to the special choice (1.1) of C, the canonical solutions are shown 
to satisfy a system of relations similar to the Pliicker relations, called the ■0-system in [11] (see 
Subsection 3.2 below). Introduce the connection coefficients Q^j\e) £ C by 

^ a \x,E) = Y,Qf{E)xf{x,E). 
J 

Then the ■(/'-system implies a set of polynomial relations among the connection coefficients 
Q { j\E). 

We expect the following to be true: 

(1) For each connection coefficient Q^j\e), there is associated a formal power series q!*j\- 
Up to a simple multiplicative factor, the latter is the (/-character of an irreducible highest 
I- weight module of U q (b). In particular, for the highest or lowest weig hts of the 
corresponding modules are the fundamental modules [20] of U q (b). 

(2) With the identification 

the polynomial relations for Q^j\e) implied by the ?/>-system hold true also for Q^j\- 

We adopt (1), (2) as our working hypothesis for finding relations among the ^-characters. 
A few remarks are in order here. We consider separately the cases related to the spin repre- 
sentation (i.e., (g,a) = {Cn\n),{Dn\n — l),(Dn\n)) and use the letter Tli^l to denote the 
counterpart of Q^j\- We expect that Q^j\ or IZ^l corresponds to the (/-character of an irre- 
ducible highest ^-weight module of U g (b) whose highest ^-weight is given by formulas (4.16), 
(4.19)-(4.20), (4.23)-(4.24). (In the case Cn \ there are problems with this interpretation, as 
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explained in Remark 5.9.) Also the relations for the Qj z 's or Tcf^s are not exactly the same 

as those for Qj(E)'s, but it is necessary to fine-tune the coefficients by some power functions 
independent of z. The details will be given in Section 5 below. That it is natural to consider 
all Q^jl corresponding to general weig hts of is a viewpoint suggested by the work [29] for 
type A algebras. 

Now let us come to the content of the present work. As a first step, we give explicit candidates 
for associated with each weight of the vector representation V^. This is done by taking 
suitable limits of the known (/-characters of KR modules given by tableaux sums. It is known [20] 
that for the highest and lowest weights this procedure indeed gives the irreducible (/-characters. 
As the next step, we define the formal series Q^j \ for a general node a of the Dynkin diagram. We 

define them by Casorati determinants whose entries are with suitable shifts of parameters. 

We then give candidates of polynomial relations among the Q.[jl expected from the ^-system. In 

the cases related to spin representations, however, we do not have explicit candidates the TZe^l's 
in general, so we only write down the candidates for the relations. The resulting polynomial 
relations are given in Proposition 5.1, Theorem 5.2 (type ), Conjecture 5.3 (type Bn^), 
Conjectures 5.5-5.8 (type Cn^) and Conjectures 5.10, 5.11 (type Dn^), respectively. 

For the type A algebras, one can check that (not necessarily the highest or lowest 

ones) are indeed irreducible (/-characters of modules given in [23]. The polynomial relations 
corresponding to the ^-system can be summarized as a single identity 

det (Q { ^ +n+2z x-^) n ^ =i = 1, (1.2) 

where x v = e e ", {e^}"ij being an orthonormal basis related to the simple roots by a u = 
e u — e v +\. This relation (as an identity for Q-operators) has been known to experts under the 
name Wronskian identity'. We shall give a direct proof that (1.2) is satisfied for (/-characters 
in Appendix B. 

For the other types of algebras, the situation is less satisfactory. At the moment we do not 
know the irreducibility of modules corresponding to the Qf" given by our procedure (except 

those corresponding to the highest or lowest vectors). For the spin representations of Cn^ 
and Dn \ explicit formulas for the 7?i°2's are missing. More seriously, we have not been able to 
prove the proposed identities for (/-characters by computational methods. Instead, we support 
our working hypothesis by performing the following checks: 

1. = #2 , P ro °f by hand, 

2. g = B3 , computer check, 

3. g = computer check, 

4. g = Bn \ Cn \ Dn \ proof in the limit to ordinary characters. 

The main results of the present paper consist in formulating the conjectured relations, and in 
performing the checks mentioned above. 

The text is organized as follows. In Section 2, we prepare basic definitions concerning the 
Borel subalgebra U q (b) of a quantum affine algebra U q (g), and collect necessary facts about their 
representations. In Section 3, we give an account of the ^-system in the ODE/IM correspondence 
and indicate how to derive them using the formulation by first-order systems. We note that 
in [11] the ^-system for algebras other than A type is mentioned as conjectures. In Section 4, we 
introduce the series as limits of the (/-characters of KR modules. We also define these series 
for the other nodes of the Dynkin diagram. Section 5 is devoted to the proposals for polynomial 
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relations. By comparing with the relations for the connection coefficients, we write down the 
relations for each type of algebras A\y , Bn \ Cn^ and D„K In Section 6, we give a summary 
of our work. 

The text is followed by four appendices. Appendix A gives a list of realizations of the 
dual Lie algebras l q. In Appendix B we give a proof of the Wronskian identity for type An\ 
In Appendix C, we prove the identities for type Bn^ in the limit to ordinary characters. In 
Appendix D the same is done for type Cn^ and 



2 Preliminaries 

In this section we introduce our notation on quantum affine algebras and their Borel subalgebras, 
and collect necessary facts that will be used later. Throughout this paper, we assume that q is 
a nonzero complex number which is not a root of unity. 

2.1 Quantum Borel algebras 

Let g be an affine Lie algebra associated with a generalized Cartan matrix C = (cjj)o<i,j<n 
of non-twisted type. Let D = diag(cfo) • • • ,d n ) be the unique diagonal matrix such that DC is 
symmetric and do = 1. Set I = {1,2,. . . , n}, and let g denote the simple Lie algebra with the 
Cartan matrix Let { a i}ieI-> {o^lie/ and {wj}i e j be the simple roots, simple coroots 

and the fundamental weights of g, respectively. We set P = ©jg/Zcjj, Q = ©j g /Zaj. 
Set qi = q d% . We shall use the standard notation 



„-i ' 



n 



fe=i 



n 



[k]il[n-k]il 



The quantum affine algebra U q (g) is the C-algebra defined by generators Ei, F{, Kf l (i 
0, . . . , n) and the relations 



KiKr 1 = 1 = K7 1 Ki , KiKj = Kj K, , 



KiE 3 K- 1 



l—Ci 



E 

r=0 

E 

r=0 



1 C{j 



{-lyEiE^]-^- 



(—l) r F[FjF i 



X-dj-r 



<l,"'I\r [E U F J ]=5, I 
0, i + j, 

0, i + j. 



Kj - K7 1 

*3 -1 ' 



We do not write the formulas defining the Hopf structure on U q (g) since we are not going to 
use them. 

As is well known [6, 13], Uq(g) is isomorphic to the C-algebra with generators xf r (i £ I, 
r £ Z), kf 1 (i £ I), hi r (i £ I, r £ Z\{0}) and central elements c ±1//2 , with the following 
defining relations 



kj k- — 1 — k- kj 



kjX j r k^ 

X i,r+l X j,s 



c ^ c ^ — 1 — c ^ c ^ ^ k^kj — k j k^ ^ k^hi^ y — 

i, 



\hi_r i X 



±-[rcij]iC"- ~.v 



r 



tM/2„.± 

j,r+si 



±Cij ± 
Qi X j,r ' 

±Cij ± ± ± c ij ± ± ± ± 

' t J v» — v* — / 1 J v' — / y* — • y * — y' — 
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[ x i,ri X j,s\ 



i,r+s 



-(r-s)/2. 



X—Ci 



E 



7re6i_ Cil - k=0 



1 Cij 



X i,r 7r{1) ' ' ' X i,r n(k) X j,s X i,r n(k+1) ' ' ' X i,r 7r(1 _ c ) 



* / J, 



for all integers rj, where © m is the symmetric group on m letters, and the (f> i r are given by 
<t>t ±r u ±r = kf exp ±(« - C i) hi,± s 



r=0 



By definition, the Borel subalgebra U q (b) is the Hopf subalgebra of U q (g) generated by Ei, 
Kf 1 (0 < i < n). It is known [22] that U q (b) is isomorphic to the algebra with generators Ei, 
Ki (0 < i < n) and the defining relations 



KiKj = h' jh'j. K.E.K, 1 = q*> E, , 

1 — Cij 

E 

r=0 



1 Cjj 



* + 3- 



The algebra C/ g (b) contains xf m , x i r , kf 1 and 4>f r , where i £ I , m > and r > 0. 
2.2 Category C> of t/ q (b) 

In this subsection we recall basics about ?7 9 (b)-modules in category O. For more details see [20]. 
Denote by t the subalgebra of U q {b) generated by For a C/ g (b)-module V and A G P, 

set 

F A = {« e V | jfeit; = qf {a * } v, Vie I}. 

When V\ ^ 0, it is called the weight space of weight A. A C/ (? (b)-module V is said to be of type 1 
HV = (BxepVx. 

A series of complex numbers ^ = (\Pj jr )j e / jre 2 >0 is called an ^-weight if vE^o / for all i & I. 
We denote by t| the set of I- weights. For a C/ (? (b)-module V and $ G tj, the subspace 

V(V) = {v G 7 | 3p > 0, Vi G I, Vm > 0, (0+ m - ^, m )^ = 0} 

is called the t- weight space of ^-weight ^f. 

A C/ g (b)-module V is said to be a highest ^-weight module of highest ^-weight \I/ G t| if there 
exists a vector v £ V such that V = U q {b)v and 



= o, ie J, 



bj r v = V i>r v, i£ I, r > 0. 



For each ^ G tj there exists a unique simple [7,j(b)-module of highest ^-weight ^f. We denote it 
byL(*). 

A highest ^-weight module is of type 1 if its highest ^"-weight \& satisfies 



i,0 



cE l for some pi £ Z, i £ I. 



(2.1) 



For any non-zero complex numbers Cj G C x , the map i£j i— )■ Ei, Ki i— > Q-fQ (i = 0, ...,n) 
gives rise to an automorphism of f7 9 (b). After twisting by such an automorphism, any highest 
I- weight module can be brought to one satisfying the condition (2.1). We denote by t| p the set 
of i- weights satisfying (2.1). 

Set D(X) = A — Q + , Q + = EJ igJ Z>oaj. A C^j(b)-module V of type 1 is said to be an object 
in category O if 
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1. for all A G P we have dirnVx < oo, 

2. there exist a finite number of elements Ai, . . . , X s G P such that the weights of V are 
contained in (J D(Xj). 

j=l,...,s 

In what follows we shall identify VP G tj with their generating series, 



r>0 




Simple objects in category are classified by the following theorem. 

Theorem 2.1 ([20]). Suppose that \P G t|p. TTien £/te simple module L{^) is an object in 
category O if and only if ^i(u) is a rational function of u for any i G I. 

In particular, for i E I and z G C x , the simple modules L iz = L(*ff) defined by the highest 
^-weight 

= 

are objects in category O. These modules are called the fundamental representations [20]. 

It is known [7, 8] that finite-dimensional simple C/ g (g)-modules remain simple when restricted 
to U q (b). According to the classification of the former [9, 10], the simple module L(^f) is finite- 
dimensional if its highest ^-weight has the form 

where Pi (it) is a polynomial such that Pi(0) = 1. In the case where 
' (1 - qr m+1 zu) (1 - q- m+3 zu) •••(!- q™- l zu) , j 



h 

3 + h 



with some i G I , m G Z>o and z G C , the module L(*&) is called a Kirillov-Reshetikhin (KR) 
module. We denote it by Wm\z- 

2.3 Characters and qr-characters 

We recall the definition of g-characters (see [20]) and characters of representations of U q (b). Let 
Z**.*> denote the set of maps t* e p -»■ Z. For \f G t| P , define [<£] G TL^ P by [#](*') = Sy^,. 
For a f7q(b)-module V of type 1 in category O, its ^-character X?00 is defined as an element 
of Z { Ip, 

Xq (Y)= £ dim V (*)•[*]. 

*et* P 

Similarly let Z p denote the set of maps P -»• Z, and define e A G Z p by e A (,u) = <5 A)At . The 
ordinary character x(V) is an element of Z p , 

X (V) = ^dimU A -e A . 

AeP 

We have a natural map w : l} l > p — > 7L P which sends [ty] to e A such that = 'iv''' 01 Under w 
the g-character specializes to the ordinary character, 

X (V) = w( Xq (V)). 
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3 ^-system 

In this section, we reformulate the ^-systems given in [11]. 
3.1 ^fl-connection 

From now on, let g be an affine Lie algebra of type (X = A, B,C, D), and let l q denote 
its Langlands dual algebra. Let h v be the dual Coxeter number of g (see Table 1). 



Table 1. 








B w 

-On 


r 0) 


D w 




A(Xi 


,(2) 
A 2n-1 




D w 


/i v 


71+1 


2n- 1 


n+1 


2n - 2 


dim 


71+1 


2n 


2n + 2 


2n 



Denote by ej, fj, hj (0 < j < n) the Chevalley generators of L g. We set e = Y^=i e j- Fix 
also an element I G L \) from the Cartan subalgebra of l q, and let ( G C x . We consider the 



following g-valued connection (cf. e.g. [15]): 



C 



d 

dx 

p(x, E) - ,r 



- + e + p(x,E)(e 

x 

Mh 



E 



M > 0, £e 



Take an element h p G L f) such that [/i p ,ej] = ej (1 < j < n) and [/i p ,eo] 
choice (3.2) ensures the following symmetry property for C = C{x,E;Q: 



uj k( - h ^£(x,E;e 2mk () 
where k G C and 



UJ- kh P 



C(Lo k x,n k E;C)-, 



UJ 



2iri 
gh v (M+l) 



11 



UJ 



h v M 



(3.1) 
(3.2) 

-(/i v - l)e . The 
(3.3) 



(3.4) 



On any finite-dimensional ^g-module V, (3.1) defines a first-order system of differential equa- 
tions jC(x, E; 1)4>(x, E) = 0. Quite generally, for a L g-module V, we denote by Vk the L g-module 
obtained by twisting V by the automorphism ej h-> exp(27r^(5j ) o)ej, /j h-> exp(—2irik5jfi)fj. The 
operator £(x, e 2mk ) represents the action of £(x, E; 1) on Vfc. For a F-valued solution c/>(x, £?) 
we set 



<t>k{x,E) = uj 



— kh 



(uj k x,n k E). 



(3.5) 



Then the symmetry (3.3) implies C(x, E; e 2mk )(j)k{x, E) = 0. 

With each node a of the Dynkin diagram of l q is associated a fundamental module 
of ^g. We summarize our convention about them and some facts which will be used later. We 
leave the proofs to the readers (see Subsection 5.3 for an example). 

Remark 3.1. In [11], scalar (pseudo-)differential equations are considered. Using the realization 
of l q given in Appendix A and rewriting the equation C<p = for the highest component of 0, 
one obtains the formulas [11, (3.18)-(3.21)] (for simplicity we have taken K = 1 there). 
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The module is called the vector representation of l q. Its explicit realization is given in 
Appendix A. If k is an integer, it is obvious that Vk = V for any V . The vector representation 
for g = Cn^ has the additional property 

F X (1 W« = 4 1) - (3-6) 

2 

For general a, we distinguish the following two cases, 

(NS): (Q,a)^(C£\n), (Dg\n-1), (Z>«,n), 

(S): (g,a) = (C«,n), (Z>«,n-1), (D«,n). 

We shall refer to them as the non-spin case and the spin case, respectively. Here and after we 
set 



t 



2, — Cn \ 



1, otherwise. 
In the non-spin case, we have 

a 

V^ = /\V { J\ for(NS). (3.7) 

2i 

In the case g = Bn \ we have in addition 

V ( a) ~V (2n - a \ S = B£\ o = 1 n, (3.8) 

2 

where V( a ) for a > n stands for the right-hand side of (3.7). 

In the case (g, a) = (Cn \ n), is the spin representation of the subalgebra l q = o(2n+l) C 
D^li- Likewise, in the cases (fl,o) = {D [ n\n - 1) or (D^\n), V^ n ~^ and V™ are the spin 

representations of the subalgebra l q = o(2n) C -D^. 

Let us consider the solutions at the irregular singularity x = oo. It is convenient to use 
a gauge transformed form of £, 

x Mh p£x -Mh p = d + _ i + Mhp _ EeoX -M(h p -i)^ (3 Q) 

ax x 

where A = e + eo- Let // a ) be the eigenvalue of A on which has the largest real part. This 
eigenvalue is multiplicity free, and is given explicitly as follows: 



for(NS), 



' for (S). 



2sin^v 



Let u( a ) be an eigenvector of A corresponding to From the representation (3.9) it follows 
that there is a unique y( a )-valued solution ^ a \x,E) which satisfies the following in a sector 
containing the positive real axis x > 0: 

^ a) {x,E) = e -^ xM+1 x- Mh "(u^ +o(l)) (x -»• oo). 

We call ip( a \x, E) the canonical solution. In view of the relation (3.7) and the formula for 
given above, we have 

iP {a) = t/^L A A • • • A ^ for (NS). (3.10) 

2t 2t 2t 

Here i/tr* = uj~ kh Pij}^{oj k x,Vt h E) as defined by (3.5). 
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3.2 ^-system 

In this subsection we state the ^-system for the canonical solutions ip( a \x, E) introduced above. 
Let us consider them case by case. 

= A n { L Q = An ). For a = 1, . . . , n, we have the embedding of L g-modules 

2 

i : A V[ a) ^ V {a - 1] ® V {a+1 \ (3.11) 

' ' 2 

where = = C. The explicit expression of the embedding is given in Subsection 5.1. 

On the space V^ " 1 ) ® V^ a+l \ the functions = t{^\ A ^ ] ) and <f> = ^ a ~^ ® i/> (cl+1) both 

2 2 

satisfy the equation = and have the behavior 

<X*,£) = O (exp P^+ S / xM+1 )) ' X ^ °° 

in a sector containing x > 0. Since such a solution is unique upto a constant multiple, we 
conclude that (after adjusting the constant multiple) 

AV?) =V (a " 1) ®V> (a+1) , a = l,...,n. (3.12) 

2 2 

In particular, denoting by {uj}"^ the standard basis of we have 

= Ul A • • ■ A Un +1 . (3.13) 

We call the relations (3.12), (3.13) the V'-system for An\ 

The ^-system for the other types can be deduced by the same argument, using the relevant 
embeddings of representations. We obtain relations of the following form. 

AVi a) ) = V (a_1) ®-0 (a+1) , a = l,...,n-l, (3.14) 

2 2 

a #) = 4t 1} 8> ^ ( r 1} - (3.i5) 

4 4 4 4 

Here t stands for the embedding of l q (3.11) or 

4 4 4 

which follows from (3.11) and (3.8). 



t(tp^\ A-0 ( i a) ) = V (a ~ 1) ®'0 (a+1) , a = l,...,n-2, (3.16) 

4 4 

" 2 2 



)) = ^W A ^W (3.17) 

2 2 

(3.18) 



4 4 

Here we have set 



^(n-D = _ a A _ 4 a • • • a ^ , <A (n) = v (1 L a </> {1 L 3 a • • • a ^ , 
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and t stands for an analog of (3.11) or the embeddings 

Ti—l 2 n 

A^£U ^ /\ V{ n) , l\V { A^ ® V[ n 



where (3.6) is taken into account. 
q = dP (* fl = Z#>) . 

AV ( i 0) ) =V (a ~ 1) <S>V' (a+1) , a = l,...,n-3, (3.19) 

2 2 

i^ n ~ 2 )) = A iP ( r 1] , 4V (n " 2) ) = ^ A i/><?\ (3.20) 

2 2 2 2 

t^- 1 )) =^ (n - 1) ®V (n) - (3-21) 
We have set 

2 2 2 

and i stands for the embedding (3.11) or 

n-2 2 n-2 2 



71-1 

2 

3.3 Connection coefficients 

Now we introduce the connection coefficients Qj{E). First let us consider the vector represen- 
tation We choose £ generic. Set £ = diag(£i, . . . ,lfj) {N = dimW 1 ), see Appendix A), and 
let Uj (1 < j < N) be the corresponding eigenvector of £. Then there is a unique T/W-valued 

solution \y(x,E) characterized by the expansion at the origin, 

xf\x,E) = x^Uj(l + 0(x)), x^O. 
From the symmetry (3.3) of C(x, E) we find that 

xfl&E) = cj k ^ X f\x,E), k G (l/t)Z, (3.22) 
where we have set 

£- h p = diag(Xi,...,X N ). (3.23) 
Define Qf ] (E) G C by 

N 

1>V>(x,E) =Y J Qf(E) X f\x,E). (3.24) 
i=i 

From (3.22) and (3.24), we have for k G (l/t)Z 

N 

ift\x,E) =Y,Q%{E)u k ^ X f\x,E), 
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where Q [ R{E) = Qf\n k E). For a sequence J = (ji, ■ ■ ■ ,j a ), introduce the notation 



Q"j>(E) = det ( Qf 2l _ a _, (E) ■ < < 

3m, 2 t 



,(2I-o-l)A Jm /M 



KLm<a 



X f (x,E) = X f_ 0=1 (x, E) A • • ■ A X f } _ ^ (x, 
It follows from (3.10) that in the non-spin case 
^ a \x,E) =Y J Q i j\E)x { j\x,E), 



(3.25) 



where the sum is taken over all J = . . . , j a ), 1 < j\ < ■ ■ ■ < j a < N. 

One can similarly define the connection coefficients in the spin case as well. 



4 Series Q ( "> VJf] 



J,zi e,z 

It has been shown in [20] that the fundamental modules L iz of the Borel subalgebra arise as 
certain limits of the KR modules. In this section we follow the same procedure to obtain a family 
of formal power series Q^l associated with each weight space of the vector representation of L g. 
Up to simple overall multipliers, those corresponding to the highest or lowest weights are the 
irreducible (/-characters Xq{Ef z ). We expect that in general the are also proportional to 
irreducible (/-characters of U q (b). (See however Remark 5.9.) 

Recall in Subsection 2.3, for ^ G t| P , the element [*] G l}* l > p is defined by [*](*') = 6y ; yr. 
Below we shall use the following elements of Z^> p : 



y i>z = [(!,...,(!- zu)- 1 ,...,!)}, 



1)], 



zu 



1 — QjZU 



i,q i z 



A i)Z - Y is -lY lAlZ W Y j,z II Y j} g-^ z Y j,q]z II Y jA- 2 z Y hz Y j,q 2 1 z- 



(4.1) 
(4.2) 

(4.3) 



l<j<n, l<j<n, 



l<j<n, 



Highest ^-weights are monomials in yf} and e ±Wi . Abusing the notation, for a monomial 
M = [*] we shall also write L(M) for 

4.1 The limiting procedure 

Let us illustrate on examples the procedure for taking the limit. 

Example 4.1 (g = A*ip). We consider first the case g = . Following [26, 27], we write 



Y l,q 2 z Y2 ><l z > 



Y- 1 
2,q 3 z' 



Then the (/-character Xq{Wm]z) of the KR module Wmjz is presented as a sum over the tableaux 



fci 



k-2 



E 

k l+ k 2+ k 3= r - 





v 


v 




h- > 




1 


2 




2 


CO 




CO 
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where the k-th box from the right carries the parameter q m+l 2k z. This can be rewritten further 



as 



m k2+k:j &3 

JJ Y Xtq m+\-2j z Y\ ^gm+2-2^ J| A 2 ^ m+3 _ 2j z 

j = l fe 1 +fc 2 +fc3=m, J = l j = l 
k-t ,fco.fc'>>0 



e (fci-fc2)oJi e (fc2-A:3)a;2 



(1 - ^ m z)(l - g ™-2fc3+2 z ) ^ _ g m-2(fc 3 +fc 2 )+l z )( 1 _ q m+3 z ^ ' 



(1 _ gm-2(fc 2 +A;3) z )(l _ qm-2(k 2 +k :i )+2 z y (1 _ gm-2/c 3 + l z )(l _ q m-2k 3 +Z z ~j 

Let us consider the limit m —> oo. There are three possibilities to obtain meaningful answers, 



h - 


-» oo, 


^2 


k 3 : 


finite, 


r *i_ 


+ 0, 


k 2 ~ 


-> oo, 


ki 


k 3 : 


finite, 


? -fc2 _ 




k 3 - 


-> oo, 




k 2 : 


finite, 


j-*3 _ 


0. 



Writing e ai = Xi/xi + \ and defining for i = 1, 2, 3 

i-1 

Q 2 = II( 1 -^/^)x Hm xr-(x 1 x 2 x 3 )fx 9 (w-^_ m;; . 



we obtain the result 



ci2=^ e n ^.n^i 



fc2,fc 3 >0 J'=l j = l 



fc 3 

^2,^ = D^^D^z ^ 2 ,g3-2^, Q 3 , 2 = 3^3 z - 

fc 3 >0j=l 

Up to simple multipliers, they are the irreducible (/-characters 

Q (1) 



_ -"1 



(1 - e - Q i- a 2)(l - e" a 2) ' 

Using the explicit construction of modules [23], it can be checked that the second one is the q- 
character of the simple module whose highest £- weight corresponds to the monomial y^\ z y2,qz- 

We give two more examples. 

Example 4.2 (g = B^). 



/vj h, K, K., 

k 2 ,k2,ki>0l=l 1=1 1=1 1=1 



Kj Kr 2 K- 2 + l K 2 + l 

+ E II ^l,g 3 " 2i 2 II A 2rf*-*z H A 2^-^z IT ^l,g 2 " 2i - ' ' 
fc2,fc 2 ,fci>0Z=l 1=1 1=1 1=1 
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Ki K2 K2 

^2,fci>0Z=l 1=1 1=1 

K\ K2 K2+I 

+ Yl H A l^z Yl A 2^-»z II A 2^ 

/C2,fcj>0«=l 1 = 1 1 = 1 

k 

Q%z = y^^2^z E II A lrf- 2l z> ^ij = ^Wz' 

k>0l=l 

Here we set Kf = fcj, Kg = ^2 + % an d ^2 = &2 + &2 + %■ We have 
(i) + Q ll 

Xq( L l, z ) = Ql, z and Xq{L liTiz ) = ^ _ g-Qi)^ _ g-ai-aa)^ _ e - Ql -2a 2 ) " 

Example 4.3 (g = C^ } ). 

^1 ^2 fco ^2 

2i, 2 = 3^1,* e n ^l^-'a n A 2,j2-i 2 n \]?- k *-*z n ^i-^ 

fc 2 ,feo,fc2,fci>0/=l 1 = 1 1 = 1 1=1 

q« = ^^2^2, ?2 e n a i^z n n ^ 



fc0,fc2. fc l>0 J=l J=l «=1 



g w - a (l) + a (l) 



9 

Qg=^^2 Z e n^3- iz n^3 



I\ Fi — 1 



fc2,fei>0, Z=l 
Kj:odd 



q 2-2l z , 



fcj>0i=l 

{1) - v- 1 

y I,z ~ ^l,g 3 «- 

Here we set ^Cj = k\, = + &j and = &2 + 2/co + fc^ + fej. Note that the weight has 
multiplicity 2. Correspondingly is a sum of two terms and Qg 1 ]. These terms cannot 
be separated in the process of taking the limit. Since they have highest £- weights whose ratio is 
not a monomial of the .Aj^'s, cannot be an irreducible g-character. We have 



Q W 

Xq( L l, z ) = Ql, z and Xq{L^ qiz ) = ^ _ g-oi^x _ e -ai-a 2 )(l _ e -2 ai -a 2 )2 " 



4.2 Series fiJJ 

In order to discuss the general case, let us prepare some notation. For g = (X = A, B, C, D), 
introduce a parametrization of {a^Wj} by orthonormal vectors {e^}, and an index set J with 
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a partial ordering -< as follows. 

A^> : ai = ei-e i+1 (1 < i < n), 

rt+l 

uJi = ei H hei r~ryZ e j i 1 - i - n )' 

77. + 1 

i=i 

J = {l,2,...,n + 1}, 1^2^ <n + l, 

4 1 ' : ai = ei-e m (l<i<n-l), a n = e n , 

Ui = ei H hej (l<i<n-l), w„ = ^(ei H he n ), 

J = {1, . . . ,n,n, . . . , 1}, 1 -<•••-< n < n -<•••-< 1, 
C W : a, = -^(ej - e i+ i) (l<i<n-l), a n = \/2e n , 

Wj = ^(eiH hej) (1 < i < n), 

V2 

J = {1, . . . ,n,0,n, . . . , 1}, 1 -<•••-< n -< -< n -<•••-< 1, 

-Dn : ai = ei-e i+1 (l<i<n-l), a n = e„_i + e n , 

= ei H h ei (1 < i < n — 2), 

!/ v 1 > 
= -(ei H h e„_i - e n ), w n = -(ei H h e n _i + e n ), 

n 

J = {l,...,n,n,...,l}, 1 -<•••-< n - 1 -< _ -<! n - 1 -<: < 1. 

n 

Define also X{ and /j^ for j,k G J" by 

x i = e e * (l<i<n+l), / jjfc ' 



1 ^fc/ 

B<->: Xi = e^=x7 1 (1 < i < n), /,, 

C W : Xi = e^5 £l = (1 < i < n), x = 1, 

/fc _ 1 

J ' (1 - x k /xj)(l + h,ox k /x j y 

DW: = (1 < < < n), / 3 -, fc = 1 =jg^? . 

In the following, in the sum of the form ^2 ki ... kj , unless mentioned explicitly, ki, ... , kj run 
over all non- negative integers, and we use the abbreviation K\ = Yl^i k^ ion i ^ I ~< j . In the 
case g = dP and I ~< 0, we set K x = YTj=i k j + 2k o + E"=i k j- 

We give below the formula for for each i G J . 
Case A^ : For 1 < % < n + 1, 

22 = *,* E II IP 

fe 4+1 ,...,fc n+ i j=i i=i 

where 

*m = yr-i^^-i,. (4.4) 
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Case B ( n ] : For 1 < i < n, 



n Kj + i 



n "J 



n n A j,ii+i- 2i z n n A j\^-3-^ 

fcj+l v ■ -i&n v ■ -i^i j = i 1 = 1 J — 1 ^ — 1 

+ n n ^,i+i-2' 2 n n^ji 2 "-^- 2 ^ 

k i+1 ,...,k n ,kn,...,ki j=i 1=1 j=ll=l 



} ■ 



Qz}-®i,z Yl nil A j,l 2 "-i-*z> 
kj^,...,k\ j=l 1=1 



where 



®i,Z = yiXqi^i^Z, $i,Z = ^-l, 9 2n-i-l^ ii? 2, 

CclSG Cn ^ • 



(4.5) 



2,™ - *< 



n— 1 -^j+i 

E 11 II 



n-1 



fco 



niK 1 



2n+3— j-2i 



II 1 ' ; II 1 ' 



g w _ o« + a (i) 

^0,z — ^0,z + ^o,z' 



e£ = *o, £ 1111 ' II > 



i n+2-2(K^+2i) ) 

^ 2 i=1 n,q 2 2 



Kg 
2 



fc s ,...,fcj, j = l /=1 
Kf, :cvcn 



n,q ^ z 



1 < 1 < n, 



0« = x- 1 

^0,2 X ™ 



n-1 K ] 



*<m £ 1111 ' 



2n+3-j 



n k\ 



<c=*» _ mi 1 



fc« *i, j-=i i=i ^ °* r=i n ' q 

Kfi :odd 

i-i ^ 



n+2 



2n+3-j , ) 
J,9 2 2 



1 < z < n, 



where 



= 1 i y. i-i , $j . = 3>. , 2 "+ 2 -» 3>. 1 2n+3 =j , 1 < i < n - 1, 



i-l,qiz hQ 2 2 
n— l,q2 z n,q 2 z n,q*z 



^,z = y n ^ z y \+2 , 



$n,2 = 3^ , »+? y^n + 2 y^n+A , 

n—L,q 2 z ri, (jr 2 z ra,</ 2 z 



(4.6) 
(4.7) 
(4.8) 



Case D ( n ] : 



n-2 K j K ^=I n-1%1 

n n n ^n,^- 2 ^ n n ^i+^z 



/=1 
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_ Kn n-2 K i+ i 

j=i 1=1 



*: i+1 ,...,fe 7 - l ,...,fej, j=i i=i 

1< i < n- 1, 



l=i 



K- 



2=1 



(i) 



e nn v' 



1 < i < n, 



where 



^i-l,q i z^ >i ^ i ~ 1 ^ 



$7 



1 < i < n - 2, 



n— 1,2 



y n -l,q n zyn,q"- 



3^n— l,g n 2 2>^n,(7 n 2 - 



(4.9) 
(4.10) 
(4.11) 



Remark 4.4. As in [26, 27], it is known that the ^-character of KR module Wm\ for Bn' can be 
written in terms of tableau of elementary boxes [a], a G {1, . . . , n, 0, n, . . . , 1}, while the elemen- 
tary box is allowed to appear at most once. When taking limit of the q-character of Wm^ z , 
we have only 2n kinds of meaningful results, then we use the index set {1, . . . , n, n, . . . , I}. By 
similar reason we use {1, . . . , n, 0, n, . . . , 1} as the index set of Cn \ which looks like opposite to 
the usual one. 



4.3 Series Q 



(a) 
J.z 



In this subsection we give the definition of Q ( j ] z where J G J a and (g, a) / (C^> , n), (D^^n-l), 

(Dn\n). We recall that q\ = q 1 / 2 for cjp and q% = q in the other cases. 

We fix our convention about the indices as follows. For J = (ji, ■ ■ ■ ,j a ) G J a , we denote 
by J the underlying set {ji, . . . , j a } C J . Set further 



.(i) 



1« 



J = (ja, ■ ■ ■ ,jl), 

J* = (i%, ... with J* = J\J and ii -<■■■-< %. 



(4.12) 
(4.13) 



We say J is increasing if j\ -< • • • -4 j a . 



For an element J = (ji, . . . , j a ) G we define Qj°] by 



gS2 = det ( C 1 



/i,y=l 



o (1) x- 



Q {1) x- a 4 



(1) 



Q 



(i) 



a-1 Q (l) 



-o-l 







(1) x- 



(i) 



T a-1 



(4.14) 



We set Qj™ 



1. 
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Note that if the entries of J € J a are not distinct (i.e. J) J < a), then Q^j\ = 0. 
Define 

eS a) =-(eg)- 

Hence by the definition of Qj"], it is easy to get 

Qj a) = n n (4.15) 

For an increasing element J = (j±, . . . ,j a ) G i7 a , set 

a 

fe=i 

where are defined in (4.4)— (4.11) with 3^ )2 being given in (4.1). Let L(§j z ) be the unique 

irreducible C/q(b)-module with the highest I 
that the (/-character of L(<3?j jZ ) is given by 



irreducible C/ g (b)-module with the highest ^-weight $>j iZ . Except in the case g = C„ , we expect 



x s (£(*j,.)) = n n (-^ ri ) • eg. 

iSJJGJ* i.j&J, 
i>3 i-<j 

In particular, from (4.15) we expect that 



x(£(3j,*))= n fa** 



(ij)6(Jx J*)U(J* X.7), 
i-<3 



1 a - 4 (1) 



II [l + xr 1 ), q = b£\ 

n (i-*r 2 ). 



j , i € J, 



In the case of g = Cn \ we expect the same to be true for Q^j\ if j\, ■ ■ ■ ,j a ^ 0. As noted 
already in Example 4.3, the series does not correspond to an irreducible (/-character. We 
expect rather that Qq 1 ], correspond to irreducible (/-characters. See also Remark 5.9. 

4.4 Series TlW for the spin node: case 

in) 

In this subsection, we introduce another set of series TZeJ for the spin node. Unlike the se- 
ries Q^jl, in general we do not know the explicit formulas for them. We define IZ^} by the 
g-characters of the irreducible U g (b) module L(M £>Z ), and give a rule to determine the highest 
^-weight M EyZ which is a monomial in Cp^ /]i<i<n«eC x - 

Exhibiting the n-dependence explicitly, let P n be the weight lattice of the simple Lie algebra 
of type C n . Set 

E n = {e = (ei, ... ,e n ) \ ei = ±1,1 < i < n} . 

We define two weight functions 

I " 

w 1 :E n ^P n , e^-^eiei, (4.17) 

i=l 
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w 2 : {J | J G J a (l < a < JJ),JC J} — > P„, fa, . . . ,j a ) ^ ^ sgn (^)e ifc) (4.18) 

fc=l 

where eo = 0, and for j G ^7 we set 



sgn(i) = < 



+, j ^ ra, 

o, j = o, 



Borrowing an idea from [26], we introduce monomials M e . z in C[yf z ]i <i<nz€C x inductively 



as follows. Define two operators r y , by 

r y ■■ y i>z -> y%+i,z, t z c : y i>z -»■ 3^^. 

For n = 1 we set M +j2 = 3^i, 2 and M_ j2 = D^Vj,- In the general case we set 

M (++az = r*(M (+0 M (+ _ , a = 3^5^ (M ( _ a J, (4.19) 

M ( _ +f)jZ = y- 1 ^ rf r y (M (M ), z ), M { __ 0jZ = rfr y (M ( _ f)jZ ), (4.20) 

l,q 2 2 

where £ G i?n-2- 

Now let e & E n with tyi(e) = | (X)fc=i e pfe — Sfc=i ^fc) j an< ^ consider the simple module 
L(M £tZ ). We define Tl £ ™£ and through the q-character and the character as follows. 



l<k<l<t l<k<s,l<l<t, 



l<k<l<t l<k<s,l<l<t, 

•p k >1pl 

For the latter we have the following guess. 
Conjecture 4.5. For e = (ei, . . . , e n ) G i£ n; we have 

II II t ^ij - 

In the special case n = 2, one can obtain the series for from that of -B^- Let Q^(l 2) 

stand for the series for with a = 1 given in Example 4.2, wherein we interchange y\ % 
with 3^2.2 and A\ jZ with A2 jZ . Then we have 

K$ +u = Q «(i o 2), 7J[5_ )iS = Gg(l O 2), (4.21) 

^( 2) + ),, = *+ 2 )' = ^I^ 1 *+ 2 )- ( 422 ) 

4.5 Series 'RSj l ~ 1 \ lZ[ n ) for the spin nodes: case 

For the two spin nodes of D n , we follow the procedure for Cn\ We use the same weight 
functions (4.17), (4.18) as for C„ . We also introduce two subsets of E n , 

E ns = {e^E n \ (J{ £i = -!} = ? (mod 2)} , ? = 0, 1. 
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We define monomials M £ ^ z inductively by 

M (++f)j2 = T y (M (+0tZ ), M (+ _ , z = yi, q n-2 z T y (M { _ , z ), (4.23) 
M ( _ +f)jZ = y-* ql T%T y (M {+0 , z ), M ( __ 0) , = rlT y (M { ^ z ), (4.24) 
with £ G -E'n-2 and the initial values 

M i++)>z = y 2jZ , M ( _^ z = y- l q2z , 
M i+ _ )tZ = y 1>z , m ( _ +)iZ = y-J,,. 

For e G E n>c (? = 0, 1) with wi(e) = \ (Yfk=l e vt ~ X)jLl e Vfc)> we define 

^- f) =x 9 (i(M £ , z )) n (i-x^) n (i-x- 1 ^), 

l<fc<Z<t l<fc< s ,l<!<*, 

Kh>=x(i(M £ ,)) n (!-^ fc ^) n (i-^sj- 

l<fc<Z<i l<fc< s ,l<!<*. 

Conjecture 4.6. For e = (ex,. .. , e n ) £ ^n,? (? = 0> 1)> we /mt>e 
X (L(M £) ,))= J] 

1 ^A ^ A^^ - 1 <*->A 



l<i<j<n x "i X j 



Although we do not have formulas for the series T^i™ (? = 0, 1) for general n, in the special 
case D4 , similarly to Q^, we define 7£^J (resp. 7?i- 4 2) as certain limits of the q-characters of 

the KR modules Wmjz (resp. Wm^ z ). More precisely, one can obtain IZ^l (resp. IZ^l) from Qy^ 
by exchanging ^1,2 with ^3 jZ (resp. 3^,2) and A\ >z with (resp. Ai )Z ). For example, we have 



k 

fc>0 j=l 

k 

n (—+-),z = ^gSz^Wz II ^3,g 6 - 2 ^' ^( +),z = ^3,g6 Z ' 

fe>o j=i 
fc 

^( ++),« = ^^z^qlz ^ II ^4,g 6 - 2 ^' ^( ),2 = ^4,g6 2 ' 

k>0 3=1 



and so on. 

5 Polynomial relations 

In this section, we shall give the main results of this paper. We propose polynomial relations 
among the series defined in Section 4, which are expected from the V'-system obtained in Sec- 
tion 3. 

We prepare some notation which we will use below. For an element j G J ', an element 
J = (jl, . . . ,j a ) G J a and a positive integer k with 1 < k < a, we set 

a a 

Aj = ^A i; , Xj = JJa^, J -Jk = (jl,---,3k,---,ja), (j,J) = {jJu---,3a)- 

1=1 1=1 

Let {vi} i& j be the standard basis of the vector representation of l q (cf. Appendix A). Here 

J = {1, . . . , n, 0, 0, n, . . . , 1} for C„ and J = J for the other cases. For J = (ji, . . . , j a ) G J a , 
we set i>j = Vj 1 A Vj 2 A ■ ■ ■ A Vj a . 
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5.1 Pliicker-type relations 

We begin by writing down the ^-system and the corresponding relations for Q^j\ for all nodes 
excepting the last (or the second last for D n ^). In fact they are just the consequence of the fact 
that the Qj - ] are defined by determinants of the Q^j's. So they are rather definitions, and we 
write them down just for uniformity reasons. As we shall see later, the only non-trivial relations 
come from the last (or the second last) node. 

For comparison, we start with the ^-system. Let J\ = . . . ,i a ), J2 = (ji, ■ ■ ■ ,j a ) be two 
elements of J a . The embedding 1 (3.11) of L g-modules is explicitly given by 

2 

\fc=l k=l J 

Therefore (3.12), (3.14), (3.16) and (3.19) imply 



J1 > 2t J2 '2t J1 '2t 2 ' It 



k=l 



The corresponding relations for Q^j\ read as follows. 

Proposition 5.1. For two increasing elements J\ = (ii, ■ ■ ■ , i a ) and J2 = (ji,j2, ■ ■ ■ ,ja) 
of J a , we have 

a 

r>( a ) XJl — i^n( a-1 ) r>( a+1 ) ^ fc o\ 



k=l 

This is an immediate consequence of the Sylvester identity (see e.g. [18, p. 108]). Note 
that (5.1) and (5.2) has the same form under the identification 

5.2 Wronskian identity for 

For type An , the non-trivial relation is the following 'Wronskian identity'. 
Theorem 5.2. Let q = A n . We have 



det 



« ... *-^r +1 =1. 



fJ,,U=l 



Note that the left-hand side is just Q ( j^ 1] (-l) (n+1)n/2 xUb=i x b +1 ~ b with «/ = (1, 2, . . . , ra+1). 
We prove Theorem 5.2 in Appendix B. 
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5.3 Polynomial relations related to the last node: case 

In this subsection we let g = Bn\ We give conjectural relations which correspond to the last 
identity (3.15) of the ^-system. We first give identities for the connection coefficients Qj(E). 
In this subsection, for an element j £ J and J = (ji, . . . ,j a ) £ J a we define 

[(-I) 3 , Jhn, 

We also denote by a (J, J*) the signature of the permutation (1, . . . , n, n, . . . , 1) h->- (J, J*). 
The bilinear form ( , } : V x Vi — > C given by (vi,Vj) = c(i)<5j^ is ^g-invariant. From this it 

is easy to see that we have the following L g-module isomorphism 
y( a ) ^y(2n-a) > a = 1, . . . , n, «_/!->■ c(J)a(J, J*)vj*, 

2 

which implies 

Q$*> (£) = c{J)o{J,r)Q^- a) (E). (5.3) 

Let Ji = (ii, . . . , i n ), Ji = (ji, . . . , j n ) be two elements of J n . Then the relation (5.1) together 
with (5.3) imply 

Q ( ^(E)Q i ^ 1 _(E)c (Jf) a (Jf, JT) uT a ^ - (E)Q i ^ 1 _(E)c (jf) a {J*,T 2 ) uT^ 

n 

For a given element i 6 J and J G JT", let 

fj,,v£J, j£J, j£ J* , 

The counterpart of (5.4) for the series Q^j\ is given by the following conjecture. 
Conjecture 5.3. Let J\ = (ii, . . . , i n ), J2 = (ji, . . . , j n ) E ^ n 6e increasing. Then we have 



j k eJ 2 nJ*, J fc ' j2 

l<fe<n 

When n = 2, we have verified the above conjecture by direct computations. To save space 
we do not write the proofs here. We have also checked them for n = 3 by Mathematica 5.0 up 
to certain degree, counting the degree of A a „k z to be k. For n > 4, although at the moment we 
do not have a proof of these identities, in Appendix C, we show that the identities hold when 
specialized to the characters. 



relation (5.3), there are no analogs for the series Qj z - For example, in the simplest case 

a direct computation gives Q^i),* = ~ X2 ^i,l 4 z^2,l 2 z^Q 3 z ~ ^i,l^z^,i 3 ^2,^z' wllile ^1,1 = 

^i~g 3 z' anc ^ there is no function f(xi,X2) of x%, x 2 such that Q^SI) z = f( Xl > X2 )Q\\- ^° OIU y 
the quadratic relations survive. 
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5.4 Polynomial relations related to spin node: case 

In this subsection, g = Cn . We shall give conjectural relations for the series Qjl and K^}. 
For an increasing element J G J a we can write 

J = {ai, . . ■ ,a m ,(3i, ... ,(3 r ,ai,. . .,a u ,ai, . . . ,a u } U (Jn {0}), 

J* = {&i, ■ ■ ■ ,a> m ,Pi, ■ ■ -,Pr,m> ■■■,Vv,m,...,fj v }u (J* n {o}), 

where ai, fy, ai, rji are mutually distinct elements of {l,...,n}. Let a = {a\, . . . , a u }, rj 
{rji, . . . , r] v }. Note that 

'u + 2, G J and J G J n ~ l , 
v = I u + 1, g J and J G J"" 1 , or G J and J G J n , 
u, <£ J and J £ J n . 

Let J G J a be increasing. We introduce the following condition for e, e' G £/ n : 
Condition Cj: 



w\{e) + wi(e') = w 2 (J) 



s t 

if ^i(e) - wi(e') = Yl e 7fc - E £ 5 fe ) then a C 7. 
fc=i fc=i 



Here u>2 are the weight functions defined by (4.17), (4.18) and 7 = {71,..., 7 S }, 6 
{S±, . . . , St}. It is easy to see a U 7/ = 7 U S. 

In the following Conjectures 5.5-5.8, g = Cn \ o", f/ are disjoint subsets of {1,2,..., n}. 



Conjecture 5.5. Suppose J G J n 1 is increasing and ^ J. Then we have 

(-i^et'W^r n (-v) n (-J 4 ) 

i.iej, i<k<u,i<l<u+i, ^ 'B ' 

KKs.KKf. \ "! / 



Kfc<s,l<Z<t, 



where the sum is taken over all e, e 1 G E n satisfying Condition Cj where 7, 5 are determined 
there. 



Conjecture 5.6. Suppose J G J n is increasing and G J. Then we have 

(-D^a^^IlK 1 ) II (-'^) 

ijeJ i<fc<u,i<;<u+2, ^ H ' 



Kfe<s,l<!<t, 
1k^ 6 l 



where the sum is taken over all e, e G E n satisfying Condition Cj where 7, 5 are determined 
there. 
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Conjecture 5.7. Suppose J G J n is increasing and ^ J. Then we have 

(-u^fiSk**- n (-«.-') n 

ij'gj, l<fe<u,l<!<«, ^ *M ' 

= E(- i )^^ (n) 1 ^ (n) 1 4~ 2 v n (-— ) > 



l<k<s,l<l<t, 

"fk^ s l 



where the sum is taken over all e, e G E n satisfying Condition Cj where 7, 5 are determined 
there. 

Conjecture 5.8. Suppose J G J n is increasing and G J. Then we have 

(-D^eg^-x;- n Hr 1 ) n 

i,ieJ, i<fe<u,i<i<«+i, ^ ' 

ik^~ s i 

where the sum is taken over all e, e' G E n satisfying Condition Cj where 7, 5 are determined 
there. 

For n = 2 one can verify these relations using the relation between an d B% ( see (4-21), 
(4.22)). For general n, we show in Appendix D the validity of the identities when specialized to 
the ordinary characters Qj^ and 7£e . 

Remark 5.9. In the conjectured identities given above, Qq~1 and enter only through 

the sum = Q'qI + Q^\- However, since the weight of has multiplicity 2, it is more 

natural to consider and separately. The ^-system also suggests that there are identities 
involving them separately. This is indeed the case for n = 2 where we have, for example, 

Q {1) , Q {1 \ -*iQ (1) : Q {1 \ =-^K^ , 1 , 

l,g 52 0,g2 2 0,9 2 2 l,q1z X2 (++),<? 2 Z (+-),q22 

Q {1) , G?\ -x&V 1 Q {1 K = -*^ (2) , l . 

1,5 ?Z 0,<?2 2 0,9 22 1,9 2 2 (H — ),q 2 Z 

On the other hand, if we define Q^j\ as determinants treating and independently, then 

when J contains both and we have = because xq = Xq = 1. Hence Qj - ] can not be 
explained as a (/-character, so we must modify the working hypothesis. At the moment we do 
not know how to do that. 

5.5 Polynomial relations related to spin nodes: case 

Finally we consider the case g = D$. As in the case of C { rt\ for an increasing element J G J a 
we can write 

J = {011,... ,a m ,Pi, . . . , f3 r ,ai, . . . ,a u ,ai, . . . ,a u ] , 
J* = {Si,..., a m , Pi,..., P r , Vl>---> Vv, Vu--->Vv}, 
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with mutually distinct oij, <7j, i/j £ {1,..,, n}. Let cr = {o"i, . . . , cr u }, 17 = {771, . . . , r) v }. Note 
that 

v _{u + 2, JeJ n ~ 2 , 
V ~\u + 1, J^J n ~ x . 

Let J G i7 a be increasing. We introduce the following conditions for e,e' G £/ n : 
Condition 

• 101(e) + wi(e') = w 2 {J), 

s t 

• if ioi(e) — ioi(e') = S e 7k — S e <5fc' then a" C 7, and t = r + <j (mod 2). 

fc=i k=i 

Here ? G {0,1}. 
Condition Dj: 

• +wi(e') = w 2 {J), 

s t 

• if w\{e) — w\(e') = e ik ~ Yl e &k-> then a C 7, and t = r (mod 2). 

fc=i fc=i 

Here u>i, u)2 are the weight functions defined by (4.17), (4.18). We set 7 = {71,..., 7 S }, 
S = {S±, . . . , St}. It is easy to see a U t] = 7 U 5. 

In the following Conjectures 5.10, 5.11, q = Dn\ and a and 77 are disjoint subsets of 
{l,...,n}. 

Conjecture 5.10. Let J be an increasing element of J n ~ 2 , and let ? = 0, 1. Then we have 



■d^c-w n (-v) n 

ij^igj, l<fc<u,l<!<«+2, ^ ^ ' 

KKs.KKi. ^ °i ' 



l<k<s,l<l<t, 



where the sum is taken over all e,e' G satisfying Condition where 7 and <J are deter- 

mined there. 

Conjecture 5.11. Let J be an increasing element of Cf n ■ Then we have 

(-D^et'W 1 - 2 "*-" 



■r n (-r 1 ) n (-?) 
ec-i)^^- 1 ^^^ n (-^) . 

Kfc<s.l<i<t. >■ ' 



Kfc<B,l<!<i, 



where the sum is taken over all e G E n ,i, s' G E n< o satisfying Condition Dj, where 7 and <J are 
determined there. 

For n = 4, we have checked by Mathematica 5.0 the conjectures hold up to certain degree. For 
general n, we prove in Appendix D the conjectures specialized to the ordinary characters 
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6 Conclusion 

In this section, we give a summary of this paper. We have done the following things: 

1. To each weight of the fundamental representation V^ a \ we associated a formal series Q^j\ 

or TZ^l- We expect that with some simple factors the formal series are (/-characters of 
certain irreducible modules of U q (b). 

2. Under suitable identifications, using relations for the connection coefficients implied by 
the '(/'-system, we proposed the following conjecture relations for the series Q { j\ and TZ { e}. 

• = An , Bn \ C n , Dn , Proposition 5.1. This is the Plucker type relations which is 
in fact the defining relations of the series Q^j\] 

• = An , Theorem 5.2. This is the Wronskian identity for the (/-characters of U q (b) 
to be proved in Appendix B. 

• = Bn \ Conjecture 5.3. 

• = Cn \ Conjectures 5.5-5.8. 

• = D n 1 , Conjectures 5.10, 5.11. 

For the last three cases, we support our conjectures by checking the following. For the 
special cases = = we proved the conjectures by direct computations. For 

the cases = and = we checked the conjectures up to some degrees by 

Mathematica. When specialized to characters, the conjectured relations hold in all cases. 
This will be proved in Appendix C or D. 

We hope we have presented reasonable grounds to suggest that the correspondence between 
the connection coefficients of certain differential equations and the (/-characters of the Borel 
subalgebra U q (b) supplies an effective way to find polynomial relations. Certainly this is only 
the first step, and more serious checks are desirable along with attempts toward proving these 
identities. 

A Vector representation of L g 

Following [14, Appendix 2], we give an explicit realization of the vector representation of L g. 
The symbol E^j stands for the matrix unit (Si, a Sj,b) a b=1 N where N = dimV^. 

L Q = A^ : 

eo = E n +i,i, ei = Ei t i+i, 1 < i < n, 

fo = -El,n+1, fi = 1 < * < 

ho = —Ei t i + E n +i, n +i, hi = Ei : i — Ei+ij + i, 1 < i < n, 

n+l 

hp = diag f -J , I = diag(/ii, . . . ,/i n +i), ^^i = 0. 



i=l 



- A {2) ■ 
— A 2n-V 



e — ^ (El,2n-1 + E2 t 2n), &i — + E2 n +l-i,2n-i, 1 < i < n — 1, e n — E n+ i^ n , 

fo = 2(£'2n-l,l + E2n,2), fi = + E2 n -i,2n+l~i, 1 < i < U — 1, f n = 
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ho — Ei : i + £2,2 — E2n-l,2n-l ~ -^2n,2n, 

hi = —Ei : i + Ei+i y i + i — E2n-i,2n-i + E2 n +l-i,2n+l-i, 1 < « < 71 — 1, 

/ip = diag ^-n+ . ra- ~V £ = diag(/ii, -/x n , . . . , -/ii) 



L a-L> (2) ■ 



eo = E n+ 2,l + E2n+2,n+2, &i = + -E2n+2-i,2n+3-i , 1 < i < n — 1, 

Era = 2(£' rajn+ i + S n+ i )7l+ 3), 

/o = ^{El, n +2 + E n+ 2 t 2n+2), fi = ^t+l.i + ^2n+3- j,2n+2-i , 1 < « < 71 — 1, 

/n = E n+ i i7l + £ n+ 3 jra _|_i, 

^0 = 2( — + E2n+2,2n+2), 

hi = Ei^i — Ei+l t i+\ + E2n+2~i,2n+2-i ~ -E2n+3-i,2n+3-i> 1 < £ < n — 1, 
/l n = 2(E n:n — E n +3 >n +3), 

h p = diag (-71, . . . , -1,0,0, 1, . . . ,n), i = diag(/ii, . . . ,/i„,0,0, -fj, n , . . . , -/ii). 

e = 2 (-^2n-l,l + E2n,2), &i = + ^2n-i,2n+l-i, 1 < i < n — 1, 

e n = 2(£' n _i jn+ i + E n:n+ 2), 

fo = 2(-El,2n-l + #2,2n), /i = + £f2n+l-«,2n-i, 1 < Z < 71— 1, 

/iO = —^1,1 — -E-2,2 + ^2n-l,2n-l + ^2n,2n> 

= — ^i+l.i+l + E2n-i,2n-i ~ ^2n+l-i,2n+l-ij 1 < i < n — 1, 
= ^n— l,n— 1 + ^n,n — ^n+l.n+l ~~ ^n+2,n+2; 

/ip = diag(-n + 1, . . . , 0, 0, . . . , n - l) , £ = diag(^i, ...,fJt n , ~Mn, ••• , 

B Proof of Theorem 5.2 

In this section we give a proof of Theorem 5.2. Let q = An , and set 

A, z = y^g-i z y~q z yi-i, z yi+i, z , i = i,...,n. 



One can rewrite Q^ z as 



Q {1) =y- 1 



h l,...,fen+l J=« \ 7 



^ \ \ •' • / i ,, -a- . ! 



For i 6 i7, we define 

A (0) _ V (1) 



A,^ = n+1 a ( A, (a - 1} - A^ ) , a = 1, . . . , n. 

l,z " n+1— a,q n+L a z \ i,z hi z x 



By the above definition and the formula of Q- 1 ^ , we have the following lemma. 
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Lemma B.l. For i G J and < a < n, we have 



A 



(a) 



/ n-a f , \ fc +1 \ 



1, 
10, 



a = n + 1 — i, 
a > n + 1 — i. 



Proposition B.2. For an element J = (ji, j'2, • • • ,j a ) £ J a '> we have 



q{°) = y-l 



A (0) 
jl { q 1 ~ a z h 



A (0) 

A (1) ,_ a x J2 



Proof. From the definition we have 



A (a -„ 1} , xT 1 A (a - a 1} x x a r 1 

J2,q a 1 z J2 



„0 



A (0) , . x" 

3a,q 3 - a z X 3a 



A^- 1 ) r a-l 



= T\y 1 



+2fc. 



fc=l 



A (0) , „ 



A (o) 

A (0) 3 a 

J 2 ,g d a 2 J2 



A (0) t o-1 a(0) o-l 
jug*- 1 z 31 32,q a - 1 z h 



a(o) t o 

L *'j a . q 1 -"z X 3a 

A (0) x 



^ a 

3a,q a 



_a-l 



For fc = 2, . . . , a, we subtract the (fc — l)-th row multiplied by x n +i from the fc-th row and then 
extract the factor .4~~* n _ a _ 1+2fcz . Thus we get 



o (o) = TTv _1 Y\ a 1 

-^I,z 11 ^n,q n - a + 2k z 11 n,q n ~ a - 



k=l k=2 

A (0) 
ji.g 1 ""* Jl 



X 



1+2/c-, 




A (°) 

A (l] 3 a 

32,q J a z J2 



J2,<? a_ 2 J2 



A (0) x? 

3a,q L a Z 3a 

A (1) x 

3a,q 3 ~ a Z X ja 



A (l) x a-l 



Repeating the above steps in the order b = 2, . . . , a — 1, by replacing x n+ \ and »4, n * n _a-i+2fc 2 
with x n+2 - b and A ~\ 1 _ b ^ n -a-b+2k z (A; = 6 + 1, . . . , a), we get 



a a— 1 a 

^,2 = n ^n, g ™-«+ 2fc 2 n n Ai+i-b^-"-^ 2 ^ 

fc=l 6=1 fc=f>+l 

a(0) n a(0) o ... 

ii,g 1_a 2' t 'ii j 2 ,q 1 - a z h 



x 



A jl,q 3 a z X 3\ ^j 2 ,<3 3 a z X 3'2 



A (a - 1} x x«- 1 A (a - 1} x x a r 1 

Jl,(J a 1 2 Jl J2,9 a 1 2 J2 



(0) 


™0 

a 2 X Ja 


w 




Q _ 

Ja,? 3 



A 



A^- 1 ) r a-l 



The proof is over by noting that 

a a— 1 a 



n ^ni"- a + 2fc 2 n n -^n+ 



k=i 



6=1 fc=fe+l 



n+l-6,<j n - a - i, + 2fe 2 w 'n+l-a,(j"+ 1 z' 



-i 
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Now we give a proof of Theorem 5.2. 
Proof of Theorem 5.2. By Proposition B.2, for J = (1, 2, . . . , n + 1), we have 



Q (n+1) 



a(°) ~0 a(0) 



,(1) 



aM A^ T n 



a(o) r o 
A« 2 „ x n+1 



AW r « 
^n+l,<j n 2 X n+l 



By Lemma B.l, we get 



= (_-Q(n+l)n/2 JT n+l-ft 



-b ' 



6=1 



which implies the result. 

C Proofs of identities for characters in the case 



n 



In this section, we set q = Bn^ ■ First we introduce some notation. For i,j 6 J and an element 
J € J a , we define 



^= n (^+v)> HJ=u(- x i ) n 

5i,7 = 



k^k 



k£J*, 
i^k 



1 — -S 
9i,j = 3 ' 



fce j, 



where /y is defined in Subsection 4.2. 

By (4.15) and the above notation, one has 



n /«j n ((^"^/y^^j 1 ^ n /i,i> 



where Xj is given in (5.5). A direct computation gives 

n /«= n /. 



n 


J 


c i,j n 5j fe ,j 






iS J, 








n 


fi,j 


n &w 






J6J*, 


i-<j 




J'fc -<J 



x jk,J- 



Furthermore, for two elements Ji and J2 of ^7™ and j& G J2 fl J*, we have 



X 3k,Ji X 3k,J2 _ _ x 2 Xj 
• h 3k,J2- h 3k,Ji 



Using the above formulas, the specialization of Conjecture 5.3 to the characters Qj reduces to 
the following proposition. 
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Proposition C.l. For two increasing elements J\ = (ii, ■ ■ ■ ,i n ), J2 = (ji, ■ • • ,jn) G J n \ we 
have 



— - — - 11 \ - 5 Qj J* 

x .h hj*hj 2 - Xj 2 2 h-j*hj 1 = x Jx Xj 2 x X x j ~ a ~T; flj2 -i h Jf-r 

Proof. Generally let 



(C.l) 



H 


i e {1 n J 2 * 


j £ Ji,j G J 2 * or j G J l5 j £ J* 


• 






i € Ji n J 2 * 


j ^ Ji,] i j; 


>, n-{ 


j g Ji n J 2 * 


] g Jin J 2 *,i ^ jj 


H 


i g J 2 n J{ 


j ^ J 2 ,j G J* , or j G J 2 ,j i J{ 






s 2 = < 


j s J 2 n Ji 




Ss = < 


i g J 2 n J x * 


j g J 2 n J^j -< jj 



then we have Ji n J 2 * = |J T< U T 3 , J 2 n J* = U Si U S3, and U(Ji D J|) = jj(J 2 D JJ). Here 

~ ~ l<i<3 ~ ~ l<i<3 ~ ~ ~ ~ 

for a subset S 1 C we set S = {i \ i G S}. 
Let 

/ n _ I -! h J2-j h J*-j 9j,J* 
£ji,J2\ x j) — x j x -h x j 2 iTTT ~ • 

We also introduce a function 



/(*) 



n ( z ~ x k) 1 n - x h)(zx k - 1) 

1 fceTi -r-r - 1 fceT 3 



n 



( i + z ) n( z - x k){t* z ~ x k n (z-x k )(zx k - 1)' 



fee Si 



fces 2 



fceSs 



which has poles only at z = — 1, 00 and Xj (j G J 2 D J* = |J Sj U 53). 

l<i<3 

A direct computation gives, for j G S3 



Res^x" 1 ) 



I] (1 - Zjfc^) II ( x j ~ x k){xjX k - 1) 

ken tt ^fe ~ xj ke T 3 

H 1- 



+ -xj) n C 1 - ZfcZj) k \s 2 1 - II (xj - x k )(xjx k - 1) 



fees'! 



feSS 3 , 



= cF Ju j 2 ( Xj ) 



where c = J y s2 . Similarly we obtain 



Res(/,Xj) = cF Jlt j 2 (xj), j £ Si, i = 1,2,3. 



On the other hand, by setting hi = x 2 + X. 2 , it is easy to see that 



Res (/,-l) 



1 U h k U h 2 k 

X T 3 I XT X \ 2 fcGTi fceT 3 



xs s \x s j n % n hv 



Res (/,oo) = -^^ 2 - = -c. 

^3 



fee Si fces 3 
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Since the right-hand side of (C.l) equals hjchj 2 Xj 2 Yl F.h,-h{ x j)i ^ simplifies to 

1 1 jeJ 2 nJ 1 * 



h J*hj 2 Xj*{-c ) 



( 



\ 



i n h k n 

X T 3 / X Tl \ 2 fcgT: fcgT 3 

U h k Uh 2 k 

fceSi fceS 3 



Now it is sufficient to prove 

i n hk n >»2 



X 



j x h J *hj 1 



I\h k Y\ht XS \\ hj t hj 2 



fce5i keS 3 J 2 
which is immediate. We finish the proof. 



D Proofs for identities of characters of case and 

In this section we consider g = Cn\ DnK By (4.15) and Conjecture 4.5, Conjectures 5.5-5.8 
reduce to the following identities 

(-1)^4 ii {1 _ x x t, _ x ) n (i-o 

i<fc< u , • L °k- L m)\- L ak x m) i<k< u +i 

l<i<u + l 

= B-d^4 II n rb^7 n r-hr to-u 

Kk<J<a 7fc 7i Kfc<J<t 5fc 5i !<*<•, 7fc 5i 

— — — — l<!<t 

(-D^4 n - \ (x _ x ) na---) n 

i<;<«+2 

= ^(-1)^4 n rbir II rb^ n rbr. (D2) 

Kk<i<« 7fc 7i Kfc<Z<t 5fe 5i i<fe<=, 7fc ^ 

— — — — i<i<t 

n x ) {x — x ) n (i-o 

i<fc< u , x Vk x m)V x <rk x Vi) 1<k<u 

1<1<U 

£(-i>*^ n rb^ n rb^7 n r-b-- (M) 



Kfc<Ks ,fc " Kk<Kt 



KKt 



U(U — 1) -| 1- ]_ 1- -| 1- 

(-1)-^-^ n (1 _ x - )(x _ x j n (!-^) n 

i< fc < u , y 1 ■ L °k x m)\ x v k x m) 1<k<u i<fc<«+i 

i<;<u+i 

=E(-d^ n n r^^rr n ^-br- (°- 4 ) 

Kk<i<« 7fc 7i Kfc<Z<t 6fe *' i<fe<», 7fc 5 ' 

i<;<< 

In these formulas, cr, 77 are disjoint subsets of {1, . . . , n}, such that (§a, jjrj) = (u, (n, u+2), 

(u, u), (u,u + l) respectively. The sum is taken over partitions of trUrj into subsets 7, 5 satisfying 
a C 7, where we set s = (J 7, t = §5. 

Similarly, in the case of q = Dn \ by (4.15) and Conjecture 4.6 the relevant identities read 
as follows. 

11 a-, i ) n (1-0 

i<k<u, y 1 x °k x m)\ x °k x m) 1<k<u 

l<l<u + 2 
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-B-D^ II rrhr II II P") 

i<i<t 

u(u — l) -| — |- 1 -| — >- 9 \ 

n a- x x )(x — x j n 

l<i<u+2 

~ ^ 2 n 1 — t t n i — ^ n t -n ' 

Kfe<Ks 7fc7i Kfc<i<t * i<*<«, 7fc 5; 

l<!<t 

Here (Jja, JJt/) = (it, it + 2), (u, u + 1) respectively, s = ft 7, i = (j<5, and the sum is taken over the 
partitions satisfying a C 7 keeping fixed the parity of s. 

These formulas are related by specialization of variables: (D.l) is obtained from (D.3) by 
setting x au = 0, (D.2) is obtained from (D.4) by setting x au = 0, and (D.4) is obtained from (D.3) 
by setting x Uu = 1. Likewise (D.5) is obtained from (D.6) by setting x au = 00. Hence it is 
sufficient to deal only with (D.3) and (D.6). 

Define polynomials in x = (x\, . . . , x m ) and y = (yi, . . . , y n ), 

F^ n \x,y)= J] (l-x iXj ) J] (l-ViVjXVj-Vi), 

l<i<j<m !<*<i<" 

° sr,s ( x > v) = n ( i_x ^i) n 

l<i<m, l<i<m, 

je-h je.J 2 

x n ~ ^ n ^ ~ yiy i) n ^ ~ 

»<j i<j 

Set also <5( Ji, J2) = ft {(^i) G ^1 x J2 \ i < j}- Then (D.3) and (D.6) can be rewritten respectively 
as follows: 

n 

II (1 - v]) ■ F {n ' n) ( x ,y) = £ (-i) 5(Jl ' j2) II vs ■ <%$(*>v)> (°- 7 ) 

j=i Ji,J2 J6J2 



n-1 



(1 + II (l-4)-F^ n \x,y) = £ ^(-IJ^^GS^^y). (D-8) 
i=l Ji,J2 

Here the sum in the right-hand sides are taken over all partitions J% U J2 of {1, . . . , n}, and 
e = ±1. For the second, we have added/subtracted the original sums which have a parity 
restriction. 

In order to show (D.7), we prove it in a slightly more general form. 
Proposition D.l. Suppose n>2,0<m<n and m = n (mod 2). Then 

n 

Srn,nU( 1 -y")- Fim ' n) ^y) = T / (- 1 ^ Jl ' j2) U (°- 9 ) 

Proof. Denote by _R( m ' n ) the right-hand side of (D.9), and set 

n m 
L (m,n) = JJ (1 _ y|) . (x, y) , fcMfo z ) = J](1 _ 

i=l i=l 

Let us rewrite i?( m,n ) as follows: 

n 

n y ; (m+n)/2 • ^ = E(- i ) ttJ2 n (»r (BH * )/a * M (^w)) n (^^wj 1 )) 

j=i Ji,J 2 ieJi jeJ 2 
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n (vi - in) n (yj 1 - vt) n (w - o n iyj 1 - 



,,' //;) 



n 

= e n(^^ (m+n)/2/i(m) (^^)) n $ 

£l,...,£n=±l jf=l l<i<j'<n 

= det (y-^' 2+j - l h^{x, yi ) - yi m+n)/2 - j+1 h^(x,y^)) 

V / l<i,j<n 

It is easy to see that the last expression is if m = or m = 1. Assume m > 2. We prove (D.9) 
by induction on m. From the skew-symmetry of the determinant, _R( m ' n ) is divisible by n™ = i(l — 

Vj) ]li<i<i<n( 1 - ViViXyj - Vi)- Let us show that it; is divisible also by rii<j<j<m( 1 ~ x i x j)- 

If we set x m = ^m-i' then h^ m \x,z) = z[z + z~ l — x m -\ — £~ 1 _ 1 )/i( m_2 )(x", z), where 
x" = (x±, . . . ,x m -2)- Hence i?( m > n ) becomes proportional to 

det ( y - {m ~ 2+n)/2+ ^V m - V',^) " yt- 2+n)/2 ~ j+1 h {m - 2) (x",y-i)) 

V / l<i,j<n 

which is by the induction hypothesis. This shows that i?( TO > n ) is divisible by £( m > n ). 

The total degree of L( m ' n ) is l^ m ^ = m(m - 1) + n(3n + l)/2, while that of #( m ' n ) is at 
most r( m,ri ) = n 2 /2 + mn + (m + n) 2 /4 — m/2. Notice that /( m ' n ) > j-( m ' n ) for n > m and 
l(n,n) _ r (n,n) _ p rom this we conclude that if n > m then R( m > n ) = 0, and if n = m then i?( n > n ) 



' / ' ' . J. 1VJ111 L111D WC UVJll^l UUC L11CXL 1J. It ^ lit tlldl ± (, ' U, dina 11 /fc Mfc U11C11 11' 

constant multiple of L^ n,n \ The constant is shown to be 1 by setting x = and using the 
Weyl denominator formula of type C n , 

n n 

1R •«•«"('/. 1 ii! i+1 ) 1<4 . <B II ( 1 vs) II (i-wwKw-w)- ■ 

i=l i=l l<i<j<n 

Proposition D.2. Suppose n > 3 and < m < n — 1. T/ien /or e = ±1 we have 

m 

(1 + e)<W-i II (1 - x 2 ) • F(™.»)(x,y) = J; ^(-l)'^'*)Gf^(x, y). (D.10) 

1=1 Jl,J2 

Proof. We denote the right hand-side of (D.10) by R^ ri ' n \ and set 

m 

K (m,n) =Y[(1-X 2 )-F^ m ' n \x,y). 

i=l 

By a calculation similar to the one in the proof of Proposition D.l we find 

n 

J-J y -(m+n- 1)/2 _ R (m,n) 
i=l 

= det (y- {m+n+1)/2+j h^(x, yi ) + e'yt +n+l)/2 - J h^(x,y^)) 

V / X<i,j<n 

where e' = (— l) m+n_1 e. From this, it is easy to see that it^°' n ^ = 0. As in Proposition D.l, 
we prove the assertion by induction on m. As before, one can verify that the left-hand side is 
divisible by ]li<i<j<m( 1 ~~ x i x j) lli<j<i<n( 1 ~~ ViV^iVj - Vi)- Let us show that it is divisible also 
by n£=i(l ~~ x i)- If we se t x m = ±1) then we have 



(x, z) = {z- 1 ' 2 T z 1/2 ) ■ z l l 2 h^- x \x\ z), x' = ( Xl ,..., x m _i). 

x m =±l 
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Hence the determinant becomes proportional to 

V / l<i,j<n 

which is by the induction hypothesis. 

The total degree of K^ m ' n ^ is k^ m,n ^ = m(m + 1) +3n(n — l)/2, while that of R^ 11 ^ is at most 
r (m,n) _ mn j^ n ^ n _Y^j2 + ( ym + n} 1 1 /± — bj^ where 5 = 0, 1 is determined by 5 = m — n (mod 2). 
Then k {m ^ > ri m ' n) if m < n - 2, and k^ n ~ 1 ^ = r £ (n_1 ' n) . Hence we find that i?^ m ' n) = 
if m < n — 2, and R^ 1 1,n ^ is a constant multiple of i^( n_1 ' n ). The constant can be found by 
setting x = and using the Weyl denominator formula of type D n ^ 

n 

n^-det^-^ + e^) =(1 + 6) J] (l-W!/i)(l&-w). ■ 

jf = l 1 <i<J <7T. 

Acknowledgements 

The author would like to express her deep gratitude to Professor Michio Jimbo for his valuable 
advices, great helps and kindness, and to Professor Hidetaka Sakai for his constant encourage- 
ment during the course of the present work. She wishes to thank also Professor Junji Suzuki for 
helpful discussions. Finally the author would like to thank the anonymous referees for comments 
and suggestions that improved the paper greatly. 

References 

[1] Baxter R.J., Partition function of the eight-vertex lattice model, Ann. Physics 70 (1972), 193-228. 

[2] Bazhanov V.V., Frassek R., Lukowski T., Meneghelli C, Staudacher M., Baxter Q-operators and represen- 
tations of Yangians, Nuclear Phys. B 850 (2011), 148-174, arXiv:1010.3699. 

[3] Bazhanov V.V., Hibberd A.N., Khoroshkin S.M., Integrable structure of W3 conformal field theory, quantum 
Boussinesq theory and boundary affine Toda theory, Nuclear Phys. B 622 (2002), 475-547, hep-th/0105177. 

[4] Bazhanov V.V., Lukyanov S.L., Zamolodchikov A.B., Integrable structure of conformal field theory. II. Q- 
operator and DDV equation, Comm. Math. Phys. 190 (1997), 247-278, hep-th/9604044. 

[5] Bazhanov V.V., Tsuboi Z., Baxter's Q-operators for supersymmetric spin chains, Nuclear Phys. B 805 
(2008), 451-516, arXiv:0805.4274. 

[6] Beck J., Braid group action and quantum affine algebras, Comm. Math. Phys. 165 (1994), 555-568, 
hep-th/9404165. 

[7] Bowman J., Irreducible modules for the quantum affine algebra U q (g) and its Borel subalgebra U q (g)-°, 
J. Algebra 316 (2007), 231-253, math.QA/0606627. 

[8] Chari V., Greenstein J., Filtrations and completions of certain positive level modules of affine algebras, 
Adv. Math. 194 (2005), 296-331, math.QA/0309016. 

[9] Chari V., Pressley A., Quantum affine algebras, Comm. Math. Phys. 142 (1991), 261-283. 

[10] Chari V., Pressley A., Quantum affine algebras and their representations, in Representations of Groups 
(Banff, AB, 1994), CMS Conf. Proc, Vol. 16, Amer. Math. Soc, Providence, RI, 1995, 59-78, 
hep-th/9411145. 

[11] Dorey P., Dunning C, Masoero D., Suzuki J., Tateo R., Pseudo-differential equations, and the Bethe ansatz 
for the classical Lie algebras, Nuclear Phys. B 772 (2007), 249-289, hep-th/0612298. 

[12] Dorey P., Dunning C, Tateo R., The ODE/IM correspondence, J. Phys. A: Math. Theor. 40 (2007), R205- 
R283, hep-th/0703066. 

[13] Drinfel'd V.G., A new realization of Yangians and of quantum affine algebras, Sov. Math. Dokl. 36 (1987), 
212-216. 

[14] Drinfel'd V.G., Sokolov V.V., Lie algebras and equations of Korteweg-de Vries type, J. Math. Sci. 30 (1985), 
1975-2036. 



34 



J. Sun 



[15] Feigin B., Frenkel E., Quantization of soliton systems and Langlands duality, in Exploring New Structures 
and Natural Constructions in Mathematical Physics, Adv. Stud. Pure Math., Vol. 61, Math. Soc. Japan, 
Tokyo, 2011, 185-274, arXiv:0705.2486. 

[16] Frenkel E., Mukhin E., Combinatorics of (/-characters of finite-dimensional representations of quantum affine 
algebras, Comm. Math. Phys. 216 (2001), 23-57, math.QA/9911112. 

[17] Frenkel E., Reshetikhin N., The g-characters of representations of quantum affine algebras and deformations 
of W-algebras, in Recent Developments in Quantum Affine Algebras and Related Topics (Raleigh, NC, 
1998), Contemp. Math., Vol. 248, Amer. Math. Soc, Providence, RI, 1999, 163-205, math.QA/9810055. 

[18] Fulton W., Young tableaux. With applications to representation theory and geometry, London Mathematical 
Society Student Texts, Vol. 35, Cambridge University Press, Cambridge, 1997. 

[19] Hernandez D., The Kirillov-Reshetikhin conjecture and solutions of T-systems, J. Peine Angew. Math. 596 
(2006), 63-87, math.QA/0501202. 

[20] Hernandez D., Jimbo M., Asymptotic representations and Drinfeld rational fractions, arXiv:1104.1891. 

[21] Inoue R., Iyama O., Kuniba A., Nakanishi T., Suzuki J., Periodicities of T-systems and Y-systems, Nagoya 
Math. J. 197 (2010), 59-174, arXiv:0812.0667. 

[22] Jantzen J.C., Lectures on quantum groups, Graduate Studies in Mathematics, Vol. 6, Amer. Math. Soc, 
Providence, RI, 1996. 

[23] Kojima T., Baxter's Q-operator for the W-algebra W N , J- Phys. A: Math. Theor. 41 (2008), 355206, 
16 pages, arXiv:0803.3505. 

[24] Kuniba A., Nakanishi T., Suzuki J., Functional relations in solvable lattice models. I. Functional relations 
and representation theory, Internat. J. Modern Phys. A 9 (1994), 5215-5266, hep-th/9309137. 

[25] Kuniba A., Nakanishi T., Suzuki J., T-systems and Y-systems in integrable systems, J. Phys. A: Math. 
Theor. 44 (2011), 103001, 146 pages, arXiv:1010.1344. 

[26] Kuniba A., Suzuki J., Analytic Bethe ansatz for fundamental representations of Yangians, Comm. Math. 
Phys. 173 (1995), 225-264, hep-th/9406180. 

[27] Nakai W., Nakanishi T., Paths, tableaux and g-characters of quantum affine algebras: the C„ case, 
J. Phys. A: Math. Gen. 39 (2006), 2083-2115, math.QA/0502041. 

[28] Nakajima H., i-analogs of g-characters of Kirillov-Reshetikhin modules of quantum affine algebras, Repre- 
sent. Theory 7 (2003), 259-274, math.QA/0204185. 

[29] Tsuboi Z., Solutions of the T-system and Baxter equations for supersymmetric spin chains, Nuclear Phys. B 
826 (2010), 399-455, arXiv:0906.2039. 



